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It was recently realised that quantum theory allows for so-called causally nonseparable processes,
which are incompatible with any definite causal order. This was first suggested on a rather abstract
level by the formalism of process matrices, which only assumes that quantum theory holds locally in
some observers’ laboratories, but does not impose a global causal structure; it was then shown, on a
more practical level, that the quantum switch—a new resource for quantum computation that goes
beyond causally ordered circuits—provided precisely a physical example of a causally nonseparable
process. To demonstrate that a given process is causally nonseparable, we introduced in [Araújo et
al., New J. Phys. 17, 102001 (2015)] the concept of witnesses of causal nonseparability. Here we
present a shorter introduction to this concept, and concentrate on some explicit examples to show
how to construct and use such witnesses in practice.
I. INTRODUCTION
In our common understanding of the world, we typic-
ally perceive events as happening one after another, in a
given order. Relations between events are understood in
terms of causes and effects, where a cause can only pre-
cede an effect. Events can thus be embedded in a causal
structure, which defines the causal order between them.
This viewpoint is ingrained for instance in the circuit
model for computation or information processing, where
operations are performed by gates that are applied in a
definite order. While the assumption that events follow a
definite causal order seems natural in the classical world,
one may nevertheless wonder whether it must really al-
ways be so. One may in particular become suspicious
when entering the quantum world, where the properties
of physical systems are not always well-defined.
A general framework, that of process matrices, was
recently introduced to investigate physical processes
without pre-assuming a definite global causal structure;
the framework only assumes that quantum theory cor-
rectly describes what happens locally, in some observ-
ers’ laboratories [1]. It was shown that this allows for
processes that are incompatible with any definite causal
order—so-called causally nonseparable processes. The
framework was first introduced on a rather abstract level,
with no clear physical interpretation given to the first
examples of causally nonseparable processes. However,
a concrete physical example of a causally nonseparable
process was later exhibited [2, 3]: namely, the recently
proposed quantum switch, a new resource for quantum
computation where the order of operations is controlled
by a qubit in a superposition of two different states—
which indeed does not fit in the standard framework of
causally ordered quantum circuits [4].
To ensure that this notion of causal nonseparability has
any practical meaning, one needs of course to be able to
verify that a given process is causally nonseparable. This
was first done in Ref. [1] through the violation of a causal
inequality—an inequality bounding the correlations com-
patible with a definite causal order, and whose violation
can only be obtained from a causally nonseparable pro-
cess. This is however a very strong argument for causal
nonseparability. In fact, not all causally nonseparable
processes violate a causal inequality; the quantum switch
indeed provides such an example [2, 3].
More recently we introduced, in analogy with entangle-
ment witnesses, the concept of witnesses of causal non-
separability (or causal witnesses, as we initially called
them) [2]. Here a witness corresponds to an operator
that can (in principle) be ‘measured’ on a given process
by combining the statistics of various operations, and
whose expectation value, if negative, certifies the causal
nonseparability of the process. We showed in particu-
lar that a witness can be efficiently constructed for any
causally nonseparable process.
The objective of this paper is to present a somewhat
shorter introduction to this new concept of witnesses of
causal nonseparability. We will avoid here some of the
technicalities in the proofs, and refer directly to Ref. [2]
for that. We will then present several different expli-
cit examples of causally nonseparable processes and of
witnesses—in particular for the quantum switch, invest-
igating its robustness to different kinds of noise—so as to
illustrate how to construct and use them in practice.
II. THE PROCESS MATRIX FORMALISM
A. In the general bipartite case
Consider an experiment with two parties, Alice and
Bob, sitting in closed laboratories and exchanging phys-
ical systems. In a single run of the experiment, each party
opens their lab only once to let some incoming system
enter, and once to send some outgoing system out. They
can perform some operation on these systems, which may
output some result a for Alice and b for Bob.
While we do not pre-suppose a definite causal order
between the events happening in Alice and Bob’s labs,
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2we assume that what happens locally inside the labs is
correctly described by quantum theory. That means,
we can attach some Hilbert spaces HAI and HBI to
their incoming systems and some Hilbert spaces HAO
and HBO to their outgoing systems, and their choices
of operations correspond to so-called quantum instru-
ments [5]—i.e., sets of completely positive (CP) maps
which sum up to CP and trace-preserving maps [6].
These can conveniently be represented, using the Choi-
Jamiołkowski (CJ) isomorphism, by positive semidefin-
ite matrices MAIAOa ∈ AI ⊗AO and MBIBOb ∈ BI ⊗BO,
where AI and AO (resp. BI and BO) denote the spaces of
Hermitian linear operators over Alice’s (Bob’s) incoming
and outgoing Hilbert spaces, and where the subscripts
refer to the outcomes a, b they correspond to. To define
valid instruments, these matrices must satisfy
MAIAOa ≥ 0 , trAO
[∑
aM
AIAO
a
]
= 1AI ,
MBIBOb ≥ 0 , trBO
[∑
bM
BIBO
b
]
= 1BI ,
(1)
where 1X denotes the identity operator in the space X
(in general, superscripts on operators will refer to the
space they are acting on) and trX is the partial trace over
X. In this paper we will only consider finite-dimensional
Hilbert spaces; the dimension of a Hilbert space HX will
be denoted dX .
1. Process matrices
The correlations established by Alice and Bob in
such a scenario can be described by the probabilities
P (MAIAOa ,MBIBOb ) that Alice and Bob obtain the out-
comes a, b attached to the CP mapsMAIAOa ,MBIBOb . As
shown in [1], these correlations can be written in the form
P
(
MAIAOa ,M
BIBO
b
)
= tr
[(
MAIAOa ⊗MBIBOb
) ·W] (2)
(with tr now denoting the full trace), for some Hermitian
matrix W ∈ AI ⊗ AO ⊗ BI ⊗ BO. This so-called pro-
cess matrix is the central object of the formalism; it de-
scribes the physical resource (the process) that connects
Alice and Bob’s labs, and generalises both the notion of
a quantum state—in which case Eq. (2) reduces to the
standard Born rule—and of a quantum channel; see Fig-
ure 1.
Not all matrices W ∈ AI ⊗AO ⊗BI ⊗BO define valid
processes. As one can show [1, 2], the constraint that all
probabilities obtained through (2) must be nonnegative
and normalised (including in situations where Alice and
Bob may share and interact with ancillary entangled sys-
tems) leads to the following conditions that valid process
matrices must satisfy:
[1−BO]AIAOW = 0 , (3a)
[1−AO]BIBOW = 0 , (3b)
[1−AO][1−BO]W = 0 , (3c)
W ≥ 0 , (3d)
trW = dO , (3e)
M
AIAO
a W M
BIBO
b
HAO
HAI
HBO
HBI
A
lic
e Bob
Figure 1. Two parties, Alice and Bob, perform some quantum
operations MAIAOa and MBIBOb —some CP maps with out-
comes a, b—which act on some incoming systems in the Hil-
bert spaces HAI , HBI and generate some outgoing systems in
the Hilbert spaces HAO , HBO . The process matrix W repres-
ents the physical resource that connects their labs, general-
ising the notions of quantum states and of quantum channels.
with dO = dAOdBO and where we used (and will use
throughout the paper) the following notation, introduced
in [2]:
XW =
1X
dX
⊗ trXW , 1W =W ,[∑
i
αiXi
]W =∑
i
αi XiW .
(4)
Eqs. (3a)–(3c) define a linear subspace LV ⊂ AI ⊗
AO ⊗ BI ⊗ BO, which valid process matrices belong to.
Eq. (3d) tells us that process matrices are in the set P of
positive semidefinite matrices. We shall often ignore, for
convenience, the normalisation condition (3e), and define
the set of nonnormalised process matrices asW = LV ∩P;
as can easily be checked, this set is a closed convex cone.
2. Causally separable vs causally nonseparable processes
Processes that do not allow Bob to signal to Alice are
compatible with a causal order where Alice acts before
Bob, which we write A ≺ B. We shall generically de-
note byWA≺B the corresponding process matrices; these
simply represent standard, causally ordered quantum cir-
cuits. One can show that these are the matrices in
AI ⊗AO ⊗BI ⊗BO, which satisfy [2, 7, 8]
[1−BO]W
A≺B = 0 , (5a)
[1−AO]BIBOW
A≺B = 0 , (5b)
WA≺B ≥ 0 , (5c)
trWA≺B = dO . (5d)
Note that Eqs. (5a)–(5b) imply Eqs. (3a)–(3c), which
ensures that the WA≺B matrices thus characterised are
valid process matrices. Eqs. (5a)–(5b) thus define a lin-
ear subspace LA≺B ⊂ LV . Together with Eq. (5c), we
can define the closed convex cone of nonnormalised pro-
cess matrices compatible with the causal order A ≺ B,
as WA≺B = LA≺B ∩ P.
Similarly, processes that do not allow Alice to sig-
nal to Bob are compatible with a causal order B ≺ A,
3where Bob acts before Alice. The corresponding process
matrices WB≺A (which again simply represent standard,
causally ordered quantum circuits) satisfy
[1−AO]W
B≺A = 0 , (6a)
[1−BO]AIAOW
B≺A = 0 , (6b)
WB≺A ≥ 0 , (6c)
trWB≺A = dO . (6d)
Eqs. (6a)–(6b) define a linear subspace LB≺A ⊂ LV . To-
gether with Eq. (6c), we define the closed convex cone
of nonnormalised process matrices compatible with the
causal order B ≺ A, as WB≺A = LB≺A ∩ P.
One can still easily make sense of a convex mixture
W sep = qWA≺B + (1−q)WB≺A , (7)
representing a process that is compatible with the causal
order A ≺ B with some probability q ∈ [0, 1], and com-
patible with the causal order A ≺ B with some prob-
ability 1 − q. Process matrices that can be decomposed
in this form (or directly, the process they represent) are
said to be causally separable. Ignoring again the normal-
isation constraint, the set of nonnormalised causally sep-
arable process matrices also forms a closed convex cone,
obtained as the Minkowski sum1
Wsep =WA≺B +WB≺A
=
{
WA≺B +WB≺A
∣∣∣WA≺B ∈ WA≺B ,
WB≺A ∈ WB≺A
}
. (8)
As first proven in [1], there exist valid process matrices
that cannot be decomposed as in (7), and which are
therefore not in Wsep. These are called causally non-
separable, and represent processes that are incompatible
with any definite causal order—be it well-defined, or only
determined with some probability.
B. In a particular tripartite scenario
The scenario considered before can be generalised to
more parties. While it is fairly easy to construct and
characterise multipartite process matrices [1, 2, 9], de-
fining the notion of causal (non)separability is somewhat
more subtle in such a setting [3, 10]. In Ref. [2] we re-
stricted our study to a specific tripartite scenario, whose
analysis matches that in the bipartite case quite closely
(note indeed the similarities between the equations below
and those in the previous subsection). We will again re-
strict ourselves to that case here, which is already quite
relevant in practice, as we will see with the example of
the quantum switch in Subsection IVB.
1 In Ref. [2] we wrote, equivalently, Wsep = conv(WA≺B ∪
WB≺A), where conv denotes the convex hull.
1. Process matrices
In this particular scenario, the third party we intro-
duce, Charlie, only has an incoming system in a Hil-
bert space HCI (as before, we will denote by dCI its
dimension, and by CI the space of Hermitian linear op-
erators acting on HCI ), with no outgoing system—or
equivalently: Charlie has a trivial outgoing system, in
a trivial Hilbert space HCO ≡ C of dimension dCO = 1.
For a CP map MCIc applied by Charlie, which reduces
here to an element of a positive operator-valued meas-
ure (POVM) [2, 6], the generalised Born rule (2) simply
becomes
P
(
MAIAOa ,M
BIBO
b ,M
CI
c
)
= tr
[(
MAIAOa ⊗MBIBOb ⊗MCIc
) ·W] , (9)
with now a process matrixW in AI⊗AO⊗BI⊗BO⊗CI .
Valid process matrices in this scenario satisfy [2]
[1−BO]AIAOCIW = 0 , (10a)
[1−AO]BIBOCIW = 0 , (10b)
[1−AO][1−BO]CIW = 0 , (10c)
W ≥ 0 , (10d)
trW = dO , (10e)
with again dO = dAOdBO . Eqs. (10a)–(10c) define, as
before, a linear subspace LV ⊂ AI ⊗ AO ⊗ BI ⊗ BO ⊗
CI . We can again characterise the closed convex cone of
nonnormalised process matrices as W = LV ∩ P.
2. Causally separable vs causally nonseparable processes
Since we assume that Charlie does not send any out-
going system out of his lab, one can argue [2] that the
only relevant causal orders are those where he is last; we
are thus left to consider only the orders A ≺ B ≺ C and
B ≺ A ≺ C.
The process matrices WA≺B≺C that are compatible
with the causal order A ≺ B ≺ C (and which thus, again,
simply represent standard, causally ordered quantum cir-
cuits) are those, which satisfy [2, 7, 8]
[1−BO]CIW
A≺B≺C = 0 , (11a)
[1−AO]BIBOCIW
A≺B≺C = 0 , (11b)
WA≺B≺C ≥ 0 , (11c)
trWA≺B≺C = dO . (11d)
Eqs. (11a)–(11b) define here a linear subspace
LA≺B≺C ⊂ LV . Together with Eq. (11c), we define the
closed convex cone of nonnormalised process matrices
compatible with the causal order A ≺ B ≺ C, as
WA≺B≺C = LA≺B≺C ∩ P.
Similarly, the process matricesWB≺A≺C that are com-
patible with the causal order B ≺ A ≺ C are those which
4satisfy
[1−AO]CIW
B≺A≺C = 0 , (12a)
[1−BO]AIAOCIW
B≺A≺C = 0 , (12b)
WB≺A≺C ≥ 0 , (12c)
trWB≺A≺C = dO . (12d)
Eqs. (12a)–(12b) define a linear subspace LB≺A≺C ⊂
LV . The closed convex cone of nonnormalised process
matrices compatible with the causal order B ≺ A ≺ C is
defined here as WB≺A≺C = LB≺A≺C ∩ P.
In analogy with the previous case, any process matrix
in the present scenario that can be decomposed as
W sep = qWA≺B≺C + (1−q)WB≺A≺C , (13)
with q ∈ [0, 1], is called causally separable2. The set of
nonnormalised causally separable process matrices also
forms a closed convex cone, which can again be expressed
here as the Minkowski sum
Wsep =WA≺B≺C +WB≺A≺C . (14)
Process matrices that cannot be decomposed as in (13),
and are thus not in Wsep, are called causally nonsepar-
able. These are incompatible with any definite causal
order (with Charlie last)—be it well-defined, or only de-
termined with some probability.
III. WITNESSES OF CAUSAL
NONSEPARABILITY
A. Definition and characterisation
The concept of causal nonseparability represents a
new type of resource compatible (at least locally) with
quantum theory, which allows us to go beyond the stand-
ard framework of causally ordered quantum circuits [4].
An important question, to ensure this concept has some
concrete physical ground, is: how to detect it and verify
it in practice?
One possible approach, used by Oreshkov et al. in [1],
is through the violation of a so-called causal inequality—
namely, a bound on the correlations that are compatible
with a definite causal order. Since all correlations gen-
erated by causally separable processes must satisfy such
an inequality, a violation indeed ensures that the under-
lying process is causally nonseparable. Note that such
a demonstration is device-independent, in the sense that
2 This definition of causal separability was proposed in [2] for the
particular tripartite case we consider here. Note that it is differ-
ent from that proposed in [3] for general multipartite processes.
As can actually be shown [10], our definition here rather matches
the notion of extensible causal separability of Ref. [3].
one only looks at the observed correlations, without mak-
ing assumptions on what operations the devices perform.
Violating a causal inequality is however quite a strong
requirement. In fact, just as not all entangled quantum
states violate a Bell inequality [11, 12], not all causally
nonseparable processes violate a causal inequality [2, 3]
(an example being the quantum switch described below):
one must then use less stringent criteria to detect causal
nonseparability.
In Ref. [2] we introduced for that, in analogy with en-
tanglement witnesses [13, 14], the concept of witnesses
of causal nonseparability—which we simply abbreviated
(somewhat abusively) to causal witnesses. In this con-
text, a witness is defined as any Hermitian operator S
such that
tr[S ·W sep] ≥ 0 (15)
for all causally separable process matrices W sep. Since
the set of causally separable process matrices is con-
vex, then according to the separating hyperplane the-
orem [15], for any causally nonseparable W ns there must
always exist a witness such that tr[S ·W ns] < 0, which
can thus be used to certify the causal nonseparability of
W ns; see Figure 2. Note that the measurement of a wit-
ness is a device-dependent test of causal nonseparability,
as the physical operations of the parties must faithfully
realise S to be able to test Eq. (15).
According to the above definition, and considering the
trace as the Hilbert–Schmidt inner product, the set S
of witnesses of causal nonseparability is simply the dual
cone (which we denote using an asterisk) of the cone of
nonnormalised causally separable process matrices:
S = {S ∣∣ tr[S ·W sep] ≥ 0 ∀W sep ∈ Wsep} = (Wsep)∗ .
(16)
In the bipartite and particular tripartite cases considered
here, this observation allows us to easily characterise the
sets of witnesses S, from the previous definitions of the
corresponding cones Wsep; see Appendix A.
Note that for any S⊥ in the orthogonal complement
L⊥V of the linear subspace LV , and for any valid process
matrix W in W ⊂ LV , one has tr[S⊥ ·W ] = 0. Hence,
adding any term S⊥ ∈ L⊥V to a witness S simply gives
another witness, giving the same value of tr[S ·W ] for
any valid W . By choosing for instance S⊥ = LV (S)−S,
where LV is the projector onto the linear subspace LV ,
one thus obtains a witness in LV . For practical reasons,
we will often be led to restrict the search of witnesses
within the subspace LV ; for that purpose we also define
the (closed convex) cone of witnesses in LV as SV =
S ∩ LV .
B. Determining causal (non)separability
through semidefinite programming
To determine whether a given process is causally sep-
arable or not, one possible approach is to rephrase the
51  W
sep
W ns
W ns(r⇤)
S
1
r⇤
Figure 2. The set of causally separable process matrices,
schematically represented by the inner ellipse, is closed and
convex. From the separating hyperplane theorem, for any
causally nonseparable process matrix W ns (in the larger el-
lipse containing all valid process matrices), there exists a
hyperplane, represented by the solid line, that separates it
from all causally separable process matrices W sep. That is,
there exists a Hermitian operator S—a witness of causal non-
separability—such that tr[S · W sep] ≥ 0 for all W sep, but
tr[S ·W ns] < 0.
Solving the SDP problems of Subsection III B provides such
a witness, which is optimal with respect to the resistance of
W ns to white noise, represented by the process matrix 1◦: as
depicted on the Figure, it detects the causal nonseparability
of all process matrices W ns(r) = 11+r (W
ns + r 1◦) for r lower
than the random robustness r∗ (directly obtained as a res-
ult of the SDP optimisation) above which W ns(r) becomes
causally separable.
question as an optimisation problem, and ask how much
noise can be added before it becomes causally separable.
Let us consider for now the case of ‘white noise’, rep-
resented by the process matrix
1◦ = 1
dI
(17)
with dI = dAIdBI or dI = dAIdBIdCI in the bipartite
and tripartite cases, and which prepares the incoming
systems of all parties in a maximally mixed state. For
a given process matrix W under consideration, we shall
consider the noisy process
W (r) = 11 + r
(
W + r 1◦
)
, (18)
and investigate its causal nonseparability. Remember-
ing that the normalisation of W (r) is irrelevant to check
whether it is in the convex cone Wsep of causally separ-
able processes, this leads us to define the following op-
timisation problem:
min r
s.t. W + r 1◦ ∈ Wsep . (19)
From the previous characterisation of the convex cone
Wsep, one can see that this defines a semidefinite pro-
gramming (SDP) problem [16], which can be solved effi-
ciently. For ease of reference, we provide in Appendix B a
more explicit description of this problem in terms of pos-
itive semidefinite constraints; see Eqs. (B1) and (B3) for
the bipartite and tripartite cases, respectively. As can be
seen, solving this problem provides an explicit decompos-
ition of W (r∗), where r∗ is the optimal solution of (19),
as a convex combination of processesWA≺B andWB≺A.
In analogy with the robustness of entanglement [17], the
quantity max[r∗, 0] quantifies the robustness of the pro-
cess W with respect to white noise—or random robust-
ness [2]. In particular, a value r∗ > 0 implies that W is
causally nonseparable.
The ‘primal’ SDP problem (19) is intimately linked to
its ‘dual’ problem, which is here [2]
min tr[S ·W ]
s.t. S ∈ SV and tr[S · 1◦] = 1 , (20)
and whose optimal solution S∗ provides precisely, in the
case where tr[S∗ ·W ] < 0, a witness of the causal non-
separability of W . Furthermore, the Duality Theorem
for SDP problems [16] implies that the solutions of the
primal and dual problems satisfy
r∗ = − tr[S∗ ·W ] . (21)
It follows in particular that tr[S∗ ·W (r)] < 0 for all r <
r∗, i.e. for all r such that W (r) is causally nonseparable:
this makes the witness S∗ optimal to detect the causal
nonseparability of W when subjected to white noise, see
Figure 2.
As for the primal problem, we provide in Appendix B
a more explicit description of the dual problem (20) that
is better suited for practical use; see Eqs. (B2) and (B4).
It is worth noting that, as discussed previously, adding
any term S⊥ ∈ L⊥V to S will not change the value of
tr[S ·W ], nor of tr[S · 1◦]. Hence, the problem (20) is
formally equivalent to one, where the constraint S ∈ SV
would be replaced by S ∈ S; nevertheless, in practice, op-
timising over the whole (non-pointed) cone S may make
the numerical solvers unstable [2].
Note that depending on the practical physical imple-
mentation of a process W , different noise models may
also be relevant. One could consider for instance a mix-
ture with another fixed process W ◦, and thus replace 1◦
in the primal SDP problem (19) by W ◦. The normalisa-
tion constraint in the dual problem (20) would then be
replaced by tr[S ·W ◦] = 1 and one can show, following
similar proofs to those of Ref. [2], that as long as W ◦ is
in the relative interior of Wsep (i.e., the interior of Wsep
within LV ), the SDP problems would still be solved effi-
ciently, with their optimal solutions still satisfying (21).
Another case of interest is that of robustness to worst
case noise, as also considered in Ref. [2]. One can define
in this case the notion of generalised robustness (again
in analogy with entanglement [18]), which can also be
obtained through SDP. Interestingly, the generalised ro-
bustness can be used to define a proper measure of causal
nonseparability as it is (contrary to the random robust-
ness) monotonous under local operations [2].
6C. Imposing further constraints on the witnesses
In order to ‘measure’ a witness S—i.e., to estimate the
value tr[S · W ] (and check its sign)—one can in prin-
ciple simply decompose it as a linear combination of
products of CP (trace non-increasing) maps, implement
these maps (provided this can be done even if the causal
order between the parties is not well-defined), estimate
their probabilities, and combine the statistics in an ap-
propriate way (as illustrated for instance in the next sec-
tion) [2].
In some cases, one may however not be able to imple-
ment all required CP maps, but may be restricted to CP
maps from a certain class only—e.g., one may only be
able to realise unitary operations. In that case, not all
witnesses can be measured, and it then makes sense to
restrict the search of witnesses to those that are imple-
mentable in practice. To do this, one can directly modify
the dual problem (20) and replace the search space SV
by the set S˜ ⊂ S of allowed witnesses (while no longer
necessarily restricting the search to witnesses within LV ).
Of course, with such an additional restriction the wit-
nesses we shall obtain may not be optimal, and we will
in general not be able to witness all causally nonsepar-
able processes. Nevertheless, this possibility to add some
constraints on the possible witnesses may be useful in
practice, as we will illustrate below with the quantum
switch.
IV. CASE STUDIES
Let us now consider a few concrete examples to illus-
trate how one can construct witnesses and characterise
causal nonseparability in practice. We start with a fam-
ily of bipartite processes investigated already in Ref. [19],
and then move on to the example of the quantum switch,
for which we will consider different noise models and show
how to add specific constraints on the witnesses we shall
construct.
A. A family of bipartite process matrices
In Ref. [19], the following family of process matrices
was introduced:
Wη1,η2 =
1
4
[
1+ η1 1AIZAOZBI1BO
+ η2 ZAI1AOXBIZBO
]
, (22)
where Z and X are the Pauli matrices, the superscripts
indicate to which system each operator is applied, and
tensor products are implicit. Wη1,η2 generalises in partic-
ular the process matrix originally considered in Ref. [1],
obtained for η1 = η2 = 1√2 . One can easily check that
Wη1,η2 satisfies Eqs. (3a)–(3c) and (3e), and that it is pos-
itive semidefinite—hence, it is a valid process matrix—if
and only if η21 + η22 ≤ 1.
We solved, for different values of η1, η2, the dual SDP
problem (20)—or rather, its more explicit formulation
given in (B2)—using the Matlab software CVX [20], and
obtained (up to numerical precision) the witnesses
Sη1,η2 =
1
4
[
1− sgn(η1)1AIZAOZBI1BO
− sgn(η2)ZAI1AOXBIZBO
]
, (23)
where sgn is the sign function (for η1 = η2 = 1√2 we
recover the witness obtained in Ref. [2]).
To verify that Sη1,η2 is indeed a valid witness, one can
check that BOSη1,η2 ≥ 0 and AOSη1,η2 ≥ 0: see the char-
acterisation of witnesses in the bipartite case given in
Appendix A 2 a. Applying Sη1,η2 to Wη1,η2 , one gets
tr[Sη1,η2 ·Wη1,η2 ] = 1− |η1| − |η2| , (24)
which shows that Wη1,η2 is causally nonseparable (the
trace above is negative) for |η1|+|η2| > 1, and its random
robustness in that case is r∗η1,η2 = − tr[Sη1,η2 ·Wη1,η2 ] =|η1|+ |η2| − 1.
For |η1| + |η2| ≤ 1 on the other hand, we find
that Wη1,η2 is causally separable. Solving the primal
SDP problem (19)—or rather, its more explicit formula-
tion (B1)—provides an explicit decomposition as a con-
vex sum of processes compatible with a definite causal
order, in the form
Wη1,η2 =
|η1|
|η1|+|η2|W
A≺B
η1,η2 +
|η2|
|η1|+|η2|W
B≺A
η1,η2 (25)
with
WA≺Bη1,η2 =
1
4
[
1+ sgn(η1)
(|η1|+|η2|)1AIZAOZBI1BO] ,
WB≺Aη1,η2 =
1
4
[
1+ sgn(η2)
(|η1|+|η2|)ZAI1AOXBIZBO] ,
(26)
where one can indeed check that WA≺Bη1,η2 and W
B≺A
η1,η2 sat-
isfy Eqs. (5a)–(5d) and (6a)–(6d), as required (they are
positive semidefinite precisely for |η1|+ |η2| ≤ 1).
Figure 3 represents the set of process matrices Wη1,η2 .
We recover here the results found in Ref. [19]; how-
ever, the use of witnesses allows us to give a much more
direct proof of causally (non)separability for the Wη1,η2
matrices.
In order to measure the witness Sη1,η2 in practice, one
can for instance decompose its two nontrivial components
in terms of CP (trace non-increasing) maps as follows:
1AIZAOZBI1BO = 4
∑
a,b=±1
a b MAIAOa|1Z ⊗MBIBOb|Z1 , (27a)
ZAI1AOXBIZBO = 2
∑
τ,a,b=±1
τ a b MAIAOa|Z1 ⊗MBIBOb|X,τZ ,
(27b)
with
M±|1Z = 12 ⊗ 1±Z2 , M±|Z1 = 1±Z2 ⊗ 12 ,
M±|X,τZ = 1±X2 ⊗ 1+τZ2 (28)
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Figure 3. Representation of the set of process matricesWη1,η2
defined in Eq. (22). The shaded circle (characterised by
η21 + η22 ≤ 1) delimits the valid process matrices Wη1,η2 ≥ 0.
Causally separable processes Wη1,η2 are restricted to the in-
ner square (|η1|+ |η2| ≤ 1). Causally nonseparable processes
(such that |η1| + |η2| > 1) can be witnessed by Sη1,η2 (23),
represented (for the case η1, η2 ≥ 0) by the solid line. The
figure here is similar to Figure 2 of Ref. [19].
(where the second part of the subscripts denote a partic-
ular choice of instrument: a choice of ‘setting’), and then
calculate, using the generalised Born rule (2),
tr[Sη1,η2 ·W ] = 1− sgn(η1)
∑
a,b
a b P (MAIAOa|1Z ,M
BIBO
b|Z1 )
− sgn(η2)12
∑
τ,a,b
τ a b P (MAIAOa|Z1 ,M
BIBO
b|X,τZ) .
(29)
(Note that the decomposition of a witness in terms of
CP maps is not unique; another possible decomposition
of Sη1,η2 , for the case η1, η2 > 0, was given in Ref. [2].)
B. The quantum switch
The quantum switch is a circuit, which was proposed
to extend the framework of causally ordered quantum
circuits and allow the order in which gates are performed
to be coherently controlled by a quantum system [4].
As proven recently [2, 3], when analysed in the frame-
work of process matrices, the quantum switch provides
precisely an example of a (tripartite) causally nonsepar-
able process. It is in fact the first practical example that
we know how to realise physically (and which has been
demonstrated experimentally [21]), as, to the best of our
knowledge, no practical realisation is known so far for any
of the causally nonseparable process matrices exhibited,
e.g., in Refs. [1, 9, 19, 22, 23].
In its simplest version, the quantum switch involves
two qubits—a control qubit and a target qubit. The tar-
get qubit, initially prepared in some state |ψ〉, is sent to
two parties, Alice and Bob, who act on it in an order that
is determined by the state of the control qubit: if the con-
trol qubit is in the state |0〉, then Alice acts first and Bob
acts second, while if it is in the state |1〉, then Bob acts
first and Alice second. The interesting situation is when
the control qubit is in a superposition 1√2 (|0〉 + |1〉), in
which case Alice and Bob can be said to act ‘in a super-
position of orders’. After Alice and Bob’s operations, the
control qubit is sent to a third party, Charlie, who can
measure it.
As shown in Ref. [2] (see also [3]), the quantum switch
can be represented in terms of the ‘pure process’
|w〉 = 1√
2
(
|ψ〉AI |1〉〉AOBI |1〉〉BOTI |0〉CI
+ |ψ〉BI |1〉〉BOAI |1〉〉AOTI |1〉CI
)
, (30)
where |1〉〉 = |00〉 + |11〉 is the CJ representation of an
identity qubit channel. After tracing out the target qubit
in the system TI , we obtain the process matrix repres-
enting the quantum switch as3
Wswitch = trTI |w〉〈w| . (31)
Note thatWswitch ∈ AI⊗AO⊗BI⊗BO⊗CI (with dAI =
dAO = dBI = dBO = dCI = 2) and that Charlie has no
output system, so that we are indeed in the particular
tripartite case considered previously.
1. Robustness to white noise
To investigate the causal nonseparability of the
quantum switch and construct a witness, one can follow
the approach described in Subsection III B. We solved the
SDP problems (19)–(20)—or rather, their more explicit
formulation (B3)–(B4)—numerically with CVX [20], and
found that the random robustness of the quantum switch
is
r∗switch ' 1.576 . (32)
Alternatively, in terms of the ‘visibility’ v, this means
that the noisy quantum switch
W 1
◦
switch(v) = vWswitch + (1−v)1◦ (33)
is causally nonseparable for all v ≥ v∗switch = 11+r∗switch '
0.3882. The explicit witness Sswitch obtained numerically
from the dual SDP problem (20) is given in Appendix C 1.
3 Alternatively, the target qubit could also be sent for instance to
Charlie, would could measure it together with the control qubit;
for simplicity we do not consider this possibility here.
82. Depolarising the control qubit
In a practical implementation of the quantum switch,
other noise models than fully white noise can also be
relevant.
Consider for instance a situation where, for practical
reasons, the target qubit is well preserved throughout the
setup, but the control qubit is affected by white noise:
with some probability v (which can be understood as a
‘visibility’), the state of the control qubit is untouched,
and with some probability 1 − v it is depolarised to the
fully fixed state 1CI/2. The resulting noisy process then
writes
W depolswitch(v) = vWswitch + (1−v)Wdepol (34)
with
Wdepol = CIWswitch
= 12
(
|ψ〉〈ψ|AI⊗ |1〉〉〈〈1|AOBI⊗ 1BO
+ |ψ〉〈ψ|BI⊗ |1〉〉〈〈1|BOAI⊗ 1AO
)
⊗ 1
CI
2 , (35)
which corresponds to a random mixture of a process
where the target qubit goes first to Alice then to Bob,
and a process where it goes first to Bob and then to
Alice.
One clearly sees that Wdepol is causally separable. As
it turns out, it lies precisely on the boundary of the
set of causally separable processes; hence, some care
needs to be taken if one wants to investigate the causal
(non)separability of W depolswitch(v) as discussed at the end
of Subsection III B. A possible approach is for instance
to mix the quantum switch with a process that is -close
to Wdepol (and let  → 0), inside the relative interior of
Wsep; or to directly calculate the random robustness of
W depolswitch(v) for various fixed values of v.
By doing so, we found numerically a positive random
robustness for all chosen values v > 0. In fact, one can
prove analytically that W depolswitch(v) is causally nonsepar-
able whenever v > 0, by constructing a family of wit-
nesses S(v) such that tr[S(v) · W depolswitch(v)] < 0 for all
v > 0; see Appendix C 2. That is, the causal nonsepar-
ability of the quantum switch is infinitely robust to white
noise affecting the control qubit only.
Figure 4 shows, for illustration, the two-dimensional
slice of the space of process matrices that contains
Wswitch,Wdepol and 1◦. By scanning this whole slice,
one can characterise using our SDP technique the limits
of the set of causally separable processes. One can clearly
see for instance that the whole line segment containing
the processes W depolswitch(v) with v > 0 is outside of it, and
approaches it tangentially.
3. Dephasing the control qubit
Rather than fully depolarising the control qubit, it may
be relevant to investigate the case where it is only de-
WswitchWdepol
1 
S˜Sswitch
Figure 4. Two-dimensional slice of the space of process
matrices containing Wswitch,Wdepol and 1◦. The shaded re-
gion contains all valid (positive semidefinite) process matrices,
with the inner darker region containing the causally separable
processes. The causal nonseparability of Wswitch can be wit-
nessed using Sswitch, given explicitly in Appendix C 1, which
is optimal to test its robustness to white noise. All processes
W depolswitch(v) = vWswitch + (1−v)Wdepol with 0 < v ≤ 1 are
causally nonseparable, as can be shown using a family of wit-
nesses given in Appendix C 2. The witness S˜ can be meas-
ured with Alice and Bob restricting their operations to unit-
aries; only the causally nonseparable processes outside of the
hatched region can be witnessed with this restriction.
phased, i.e. it undergoes (with some probability 1−v, as
before) the map
ρ→ 〈0|ρ|0〉 |0〉〈0|+ 〈1|ρ|1〉 |1〉〈1| , (36)
so that its coherence is lost.
We are thus led to consider here the noisy process
W dephswitch(v) = vWswitch + (1−v)Wdeph (37)
with
Wdeph =
1
2
(
|ψ〉〈ψ|AI⊗ |1〉〉〈〈1|AOBI⊗ 1BO⊗ |0〉〈0|CI
+ |ψ〉〈ψ|BI⊗ |1〉〉〈〈1|BOAI⊗ 1AO⊗ |1〉〈1|CI
)
, (38)
which corresponds now to a situation where a clas-
sical control bit, in the state |0〉〈0|CI or |1〉〈1|CI with
equal probability, determines the order between Alice and
Bob—a process that we could call a classical switch.
Clearly, Wdeph is causally separable. Like Wdepol, it
also lies on the boundary of the set of causally separable
processes. One can again check numerically and prove
analytically (see Appendix C 2) that W dephswitch(v) is caus-
ally nonseparable for all v > 0: that is, the quantum
switch is also infinitely robust to dephasing noise affect-
ing the control qubit only. As with Figure 4, Figure 5 now
shows, for illustration, the two-dimensional slice of the
space of process matrices that contains Wswitch,Wdeph
and 1◦.
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Figure 5. Analogous figure to Fig. 4, for the two-
dimensional slice of the space of process matrices containing
now Wswitch,Wdeph and 1◦. The process W−switch, symmet-
ric to Wswitch, is the process obtained when implementing
the quantum switch with a control qubit initially in the state
1√
2 (|0〉 − |1〉) rather than 1√2 (|0〉+ |1〉) (whose description as
a process matrix is then obtained by replacing the ‘+’ sign by
a ‘−’ sign in Eq. (30)).
4. Restricting Alice and Bob’s operations to unitaries
To finish with, let us consider an implementation of
the quantum switch where Alice and Bob are restricted to
perform unitary operations. This restriction is motivated
by practical reasons: in the recent photonic implement-
ation of the quantum switch reported in Ref. [21] for ex-
ample, Alice and Bob only used passive optical elements,
namely half and quarter wave plates, realising (up to ex-
perimental imperfections) unitaries on the target qubit,
encoded in the photon polarisation. In particular, Alice
and Bob do not perform any actual measurement, and do
not need to record measurement outcomes (only Charlie
makes a measurement with different possible outcomes).
As we show in Appendix C 3, the CJ representation
MXIXOU of a unitary operation U : HXI → HXO satisfies
XIM
XIXO
U = XOM
XIXO
U = XIXOM
XIXO
U . (39)
Now, if Alice and Bob are restricted to perform unitary
operations, the witnesses that can be measured must be
of the form
S =
∑
x,y,z,c
γx,y,z,c M
AIAO
Ux
⊗MBIBOUy ⊗MCIc|z , (40)
for some unitaries Ux, Uy, for some CP maps (or simply:
POVM elements)MCIc|z , and some real coefficients γx,y,z,c.
Because of (39), S will then necessarily satisfy
AIS = AOS = AIAOS and BIS = BOS = BIBOS . (41)
Hence, to construct such a witness, one can simply
solve the dual SDP problem (20), replacing the constraint
S ∈ SV by S ∈ S˜, with
S˜ = {S ∈ S ∣∣AIS = AOS = AIAOS
and BIS = BOS = BIBOS
}
. (42)
The resulting optimisation problem remains a SDP prob-
lem. Solving it with CVX, we obtained numerically an
explicit witness S˜, given in Appendix C 3 and shown on
Figures 4 and 5, that detects the causal nonseparabil-
ity of the processes W 1◦switch(v) (33), W
depol
switch(v) (34) and
W dephswitch(v) (37) down to v ' 0.6641 (the same value for
all three).
Clearly, the price to pay by restricting Alice and Bob
to unitaries only is that not all causally nonseparable
processes can be witnessed; see the hatched regions in
Figures 4 and 5. Nevertheless, the amount of noise tol-
erated by S˜ is already good enough to measure it and
demonstrate causal nonseparability experimentally with
current technologies, e.g. in a setup similar to that of
Ref. [21].
V. DISCUSSION
In this paper we have given an introduction to wit-
nesses of causal nonseparability [2], and illustrated this
concept on a few explicit examples. Witnesses of causal
nonseparability are somewhat analogous to entanglement
witnesses; however, a remarkable difference is that con-
trary to the latter, the former can be constructed effi-
ciently, for any causally nonseparable processes (in the
bipartite and particular tripartite cases considered here),
using semidefinite programming.
Among the explicit examples given above, of particu-
lar interest is the quantum switch. This is indeed the
first concrete example of a causally nonseparable process
that we know how to realise in practice, and for which we
know how to witness the causal nonseparability. We con-
structed its optimal witness with respect to white noise,
which detects its causal nonseparability down to a vis-
ibility of v ' 0.3882. We further constructed a witness
that can be measured with Alice and Bob implementing
unitaries only, and which is robust to visibilities down to
v ' 0.6441—whether we consider white noise, or depol-
arising or dephasing noise that affects the control qubit
only. This allows for a feasible experimental verification
of the causal nonseparability of the quantum switch that
would be more robust than with the witness previously
proposed in [2], which allows only for visibilities down
to v ' 0.7381 (corresponding to a success probability
psucc = 1+v2 ' 0.8690 for Chiribella’s task [24], as repor-
ted in [2]). Note that in the latter, Charlie only performs
measurements in the X basis (while our witness also in-
volves the Y basis, see Appendix C 3); as it turns out,
that witness was actually optimal under this restriction,
as can be shown by further adding the corresponding con-
straint in the dual problem (20). Recall that the witness
obtained in [2] was constructed from Chiribella’s task
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of distinguishing between a commuting and an anticom-
muting channel, where the quantum switch provides an
advantage over any causally ordered circuit [24]. We note
indeed that the tool of witnesses of causal nonseparability
and the techniques developed to construct them may also
be useful to inspire and analyse possible applications of
causally nonseparable processes [24–26], and to quantify
their advantages over causally separable resources.
Let us finish by emphasising that in this paper, as
in Ref. [2], we only considered the bipartite case and a
particular tripartite case, where the third party has no
(or a trivial) outgoing system. Characterising and con-
structing witnesses in the general case remains so far an
open problem. Clearly, the sets of nonnormalised process
matrices and of witnesses remain closed convex cones,
and one can still write the optimisation problems (19)
and (20) as conic problems. However, whether the char-
acterisation of the cones Wsep and S(V ) would allow us
to write them as SDP problems that can be solved effi-
ciently, and whether the duality relation (21) would still
hold, is left for future research.
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Appendix A: Characterisation of the cones
Wsep, S and SV
In this Appendix we show how to explicitly charac-
terise the cones Wsep of (nonnormalised) causally separ-
able process matrices, and the cones S = (Wsep)∗ and
SV = S ∩ LV of witnesses of causal nonseparability, in
the bipartite and particular tripartite cases considered in
the main text.
The characterisations below were first obtained in
Ref. [2]. In what follows here, it is implicit that all
matrices under consideration are either in AI⊗AO⊗BI⊗
BO (in the bipartite case) or AI⊗AO⊗BI⊗BO⊗CI (in
the tripartite case); in particular, they are all Hermitian.
1. Wsep: Causally separable process matrices
a. Bipartite case
According to Eq. (8), bipartite causally separable pro-
cess matrices can be written as
W =WA≺B +WB≺A (A1)
with WA≺B and WB≺A two positive semidefinite
matrices satisyfing (5a)–(5b) and (6a)–(6b), respectively.
Note that ifW is already assumed to be a valid process
matrix in LV (hence, it satisfies in particular Eqs. (3a)
and (3b)), then assuming that WA≺B satisfies (5a) auto-
matically implies that WB≺A = W − WA≺B satis-
fies (6b); similarly, assuming that WB≺A satisfies (6a)
automatically implies that WA≺B satisfies (5b). Hence,
to determine whether W ∈ LV is causally separable, it is
enough to check whether it can be decomposed as in (A1)
withWA≺B ≥ 0 andWB≺A ≥ 0 satisfying (5a) and (6a),
resp. Defining the linear subspaces
L[1−BO] = {W | [1−BO]W = 0} , (A2)
L[1−AO] = {W | [1−AO]W = 0} , (A3)
the cone of (nonnormalised) causally separable process
matrices can then be characterised as [2]
Wsep =WA≺B +WB≺A (A4)
=
[
(P ∩ L[1−BO]) + (P ∩ L[1−AO])
] ∩ LV . (A5)
b. Tripartite case with dCO = 1
With similar arguments as in the bipartite case above,
we find that in the particular tripartite case where
Charlie has a trivial outgoing system (dCO = 1), the cone
of (nonnormalised) causally separable process matrices
can be characterised as
Wsep =WA≺B≺C +WB≺A≺C (A6)
=
[
(P ∩ L[1−BO]CI )
+(P ∩ L[1−AO]CI )
] ∩ LV (A7)
with
L[1−BO]CI = {W | [1−BO]CIW = 0} , (A8)
L[1−AO]CI = {W | [1−AO]CIW = 0} . (A9)
2. S and SV : Witnesses of causal nonseparability
As explained in the main text, the set of witnesses of
causal nonseparability is simply the dual cone ofWsep. It
can be characterised by using the previous descriptions of
Wsep, and making use of the following duality relations
for two nonempty closed convex cones K1,K2 [15]:
(K1+K2)∗ = K∗1∩K∗2 , (K1∩K2)∗ = K∗1+K∗2 . (A10)
a. Bipartite case
Using (A5) and (A10), noting that the dual cone of a
linear subspace L is its orthogonal complement L⊥ and
that the cone P of positive semidefinite matrices is self-
dual, one can write, in the bipartite case,
S = (Wsep)∗ (A11)
=
[
(P + L⊥[1−BO]) ∩ (P + L⊥[1−AO])
]
+ L⊥V . (A12)
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Noting now that L⊥[1−BO] = {S | [1−BO]S = S} =
{S |BOS = 0} and that the map S → BOS is positive,
one can easily show [2] that P+L⊥[1−BO] = {S |BOS ≥ 0},
and similarly that P+L⊥[1−AO] = {S |AOS ≥ 0}. Further-
more, one has L⊥V = {S|LV (S) = 0}, where LV is the pro-
jector onto the linear subspace LV (= {S|LV (S) = S}),
which can be written as
LV (W )
= [
1−[1−BO]AIAO
][
1−[1−AO]BIBO
][
1−[1−AO][1−BO]
]W
= [
1−[1−BO]AIAO−[1−AO]BIBO−[1−AO][1−BO]
]W. (A13)
Combining this with (A12), we find that
S =
{
S = SP + S⊥
∣∣∣BOSP ≥ 0 , AOSP ≥ 0 ,
LV (S⊥) = 0
}
. (A14)
Furthermore, S = SP +S⊥ thus characterised is in LV
if and only if S = LV (SP + S⊥) = LV (SP ). Hence, we
also simply have
SV =
{
S = LV (SP )
∣∣∣BOSP ≥ 0 , AOSP ≥ 0} . (A15)
b. Tripartite case with dCO = 1
One could follow a similar reasoning as above to char-
acterise S in the tripartite case with dCO = 1, start-
ing from the characterisation of Wsep given by Eq. (A7).
However, because the map S → [1−(1−BO)CI ]S is not pos-
itive (contrary to S → [1−(1−BO)]S = BOS), one cannot
simplify the characterisation of P + L⊥[1−BO]CI—and ul-
timately of S—as much as before.
It is thus somewhat simpler here to start directly from
the characterisation of Wsep given by Eq. (A6). With
WA≺B≺C = P∩LA≺B≺C andWB≺A≺C = P∩LB≺A≺C ,
we get, using again the relations (A10),
S = (Wsep)∗
=
[
(P ∩ LA≺B≺C) + (P ∩ LB≺A≺C)
]∗
= (P + L⊥A≺B≺C) ∩ (P + L⊥B≺A≺C)
=
{
S = SPABC + S⊥ABC = SPBAC + S⊥BAC∣∣∣ SPABC ≥ 0 , LA≺B≺C(S⊥ABC) = 0 ,
SPBAC ≥ 0 , LB≺A≺C(S⊥ABC) = 0
}
, (A16)
where LA≺B≺C and LB≺A≺C are the projectors onto the
linear subspaces LA≺B≺C and LB≺A≺C , which are
LA≺B≺C(W ) = [1−[1−BO]CI−[1−AO]BIBOCI]W , (A17)
LB≺A≺C(W ) = [1−[1−AO]CI−[1−BO]AIAOCI]W . (A18)
Restricting the witnesses to the subspace LV , one can
then write
SV = {S ∈ S |LV (S) = S } (A19)
by referring to the previous characterisation (A16) of S,
and with the projector LV onto LV now given by
LV (W ) = [1−[1−BO]AIAOCI−[1−AO]BIBOCI
−[1−AO][1−BO]CI
]W . (A20)
Appendix B: Explicit formulation
of our SDP problems
The previous characterisations of the cones Wsep and
SV allow us to write (in our bipartite and tripartite cases)
the primal and dual SDP problems (19) and (20) in more
explicit forms, which can readily be implemented and
solved on a computer.
1. Bipartite case
Using the characterisation of Eq. (A5), and noting that
for W ∈ LV , W + r1◦ is also automatically in LV , one
can write explicitly the primal SDP problem (19) in the
bipartite case as
min r
s.t. W + r 1◦ =WA≺B +WB≺A ,
WA≺B ≥ 0 , [1−BO]WA≺B = 0 ,
WB≺A ≥ 0 , [1−AO]WB≺A = 0 .
(B1)
Using now Eq. (A15), the dual SDP problem (20)
writes, more explicitly,
min tr[S ·W ]
s.t. S = LV (SP ) , BOSP ≥ 0 , AOSP ≥ 0 ,
tr[S · 1◦] = 1 ,
(B2)
with LV defined in Eq. (A13).
2. Tripartite case with dCO = 1
Using Eq. (A7), the primal SDP problem (19) can be
written explicitly, in the tripartite case with dCO = 1, as
min r
s.t. W + r 1◦ =WA≺B≺C +WB≺A≺C ,
WA≺B≺C ≥ 0 , [1−BO]CIWA≺B≺C = 0 ,
WB≺A≺C ≥ 0 , [1−AO]CIWB≺A≺C = 0 .
(B3)
Using now Eqs. (A16) and (A19), the dual SDP prob-
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lem (20) writes, more explicitly,
min tr[S ·W ]
s.t. S = SPABC + S⊥ABC = SPBAC + S⊥BAC ,
SPABC ≥ 0 , LA≺B≺C(S⊥ABC) = 0 ,
SPBAC ≥ 0 , LB≺A≺C(S⊥ABC) = 0 ,
S = LV (S) , tr[S · 1◦] = 1 ,
(B4)
with LA≺B≺C , LB≺A≺C and LV defined in Eqs. (A17),
(A18) and (A20).
Appendix C: Witnesses for the quantum switch
In this Appendix we give explicit witnesses of the
causal nonseparability of the quantum switch. Although
the results reported in the main text do not depend on
the initial state |ψ〉 of the target qubit, the specific form
of the witnesses does; in the following we fix it to be
|ψ〉 = |0〉.
For ease of notations, we will provide the various wit-
nesses in the general form
S = 14
(
1+
∑
i
si Si
)
, (C1)
for some terms Si and coefficients si to be specified below.
To verify that S is a valid witness, we will provide the
explicit decomposition of S = SPABC +S⊥ABC as in (A16)
in the form
S⊥ABC =
1
4
∑
j
tj Tj , S
P
ABC = S − S⊥ABC , (C2)
for some terms Ti and coefficients ti to be specified
as well. This will allow the reader to check that
LA≺B≺C(S⊥ABC) = 0 and SPABC ≥ 0, as required
by (A16).
Due to the symmetries of the quantum switch and its
witnesses, the second decomposition S = SPBAC + S⊥BAC
in (A16) can then be obtained as
S⊥BAC = FA↔B(S⊥ABC) , SPBAC = FA↔B(SPABC) ,
(C3)
where FA↔B is the map that exchanges the roles of Alice
and Bob, defined as
FA↔B(σAI1 ⊗ σAO2 ⊗ σBI3 ⊗ σBO4 ⊗ σCI5 )
= ±σAI3 ⊗ σAO4 ⊗ σBI1 ⊗ σBO2 ⊗ σCI5 (C4)
for σi = 1, X, Y, Z, and where the sign is + if σ5 = 1
or X, and − if σ5 = Y or Z. (Note that all processes
W and all witnesses S considered for the tripartite case
in this paper have the symmetry W = FA↔B(W ), S =
FA↔B(S).)
1. Optimal witness with respect to white noise
By solving the dual SDP problem (B4) for W =
Wswitch with CVX, we obtained numerically the witness
Sswitch of the form (C1), with
S1 = Z1Z11 , S2 = Z1111+ 11Z11 ,
S3 = 1ZZ11+ Z11Z1 , S4 = ZZZ11+ Z1ZZ1 ,
S5 = ZZ11Z − 11ZZZ , S6 = 1ZZ1Z − Z11ZZ ,
S7 = Z111Z − 11Z1Z + ZZ1ZZ − 1ZZZZ ,
S8 = 1Z11Z − 111ZZ + ZZZ1Z − Z1ZZZ ,
S9 = 1X1XX + 1Y 1Y X + 1X1Y Y − 1Y 1XY
+ 1XZXX + 1Y ZY X + 1XZY Y − 1Y ZXY
+ ZX1XX + ZY 1Y X + ZX1Y Y − ZY 1XY
+ ZXZXX + ZY ZY X + ZXZY Y − ZY ZXY ,
S10 = X1X1X −X1XZX −XZX1X +XZXZX
+ Y 1Y 1X − Y 1Y ZX − Y ZY 1X + Y ZY ZX
+X1Y 1Y −X1Y ZY −XZY 1Y +XZY ZY
− Y 1X1Y + Y 1XZY + Y ZX1Y − Y ZXZY ,
S11 = 1XX11− 1Y Y 11+ ZXX11− ZY Y 11
+ 1XX1Z − 1Y Y 1Z + ZXX1Z − ZY Y 1Z
− 1XXZZ + 1Y Y ZZ − ZXXZZ + ZY Y ZZ
+X11X1− Y 11Y 1+X1ZX1− Y 1ZY 1
−X11XZ + Y 11Y Z −X1ZXZ + Y 1ZY Z
+XZ1XZ − Y Z1Y Z +XZZXZ − Y ZZY Z ,
S12 = XX11X −XX1ZX +XXZ1X −XXZZX
− Y Y 11X + Y Y 1ZX − Y Y Z1X + Y Y ZZX
−XY 11Y +XY 1ZY −XY Z1Y +XY ZZY
− Y X11Y + Y X1ZY − Y XZ1Y + Y XZZY
+ 11XXX − 1ZXXX + Z1XXX − ZZXXX
− 11Y Y X + 1ZY Y X − Z1Y Y X + ZZY Y X
+ 11XY Y − 1ZXY Y + Z1XY Y − ZZXY Y
+ 11Y XY − 1ZY XY + Z1Y XY − ZZY XY
(C5)
(where, here and below, the superscripts denoting
the different systems are omitted—we keep the order
AIAOBIBOCI—and the tensor products are implicit),
and with the coefficients
s1 ' 0.2650 , s2 ' 0.6325 , s3 ' −0.7641 ,
s4 ' −0.3966 , s5 ' 0.1168 , s6 ' 0.2359 ,
s7 ' 0.0595 , s8 ' 0.1764 , s9 ' −0.3340 ,
s10 ' −0.1128 , s11 ' 0.1025 , s12 ' −0.1941 .
(C6)
The operator S⊥ABC is given here by (C2), with
T1 = 1Z111 , T2 = 111Z1 ,
T3 = ZZ111 , T4 = 11ZZ1 ,
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T5 = Z11Z1 , T6 = 1Z1Z1 , T7 = ZZ1Z1 ,
T8 = Z1ZZ1 , T9 = 1ZZZ1 , T10 = ZZZZ1 ,
T11 = X11X1+X1ZX1− Y 11Y 1− Y 1ZY 1 ,
T12 = XZ1X1+XZZX1− Y Z1Y 1− Y ZZY 1 ,
T13 = 1XXZ1+ ZXXZ1− 1Y Y Z1− ZY Y Z1 ,
(C7)
and the coefficients
t1 ' 0.5157 , t2 ' −0.2426 , t3 ' 0.1482 ,
t4 ' −0.3021 , t5 ' −1.3741 , t6 ' 0.4190 ,
t7 ' 0.7865 , t8 ' −1.0662 , t9 ' 0.4785 ,
t10 ' 0.8460 , t11 ' −0.5300 , t12 ' 0.6325 ,
t13 ' 0.1025 . (C8)
With the witness Sswitch thus defined, we find
tr[Sswitch ·Wswitch] = −r∗switch ' −1.576 < 0, as repor-
ted in the main text. Note that in order to measure the
witness Sswitch, one can decompose each of its terms in
a similar way as we did in Subsection IVA for Sη1,η2
in terms of CP maps, implement them and combine the
statistics in the appropriate way.
2. A family of witnesses for Wdepolswitch(v) and
Wdephswitch(v)
Due to the geometry of the problem, with the line seg-
ments containing the processesW depolswitch(v) andW
deph
switch(v)
being tangent to the set of causally separable processes
(see Figures 4–5 or 6–7), one cannot provide a unique
witness that would detect the causal nonseparability of
all W depolswitch(v) or W
deph
switch(v) for all v > 0.
Instead, we provide here a family of witnesses S(v),
parametrised by v. Namely, S(v) and the corresponding
S⊥ABC(v) are given in the forms (C1) and (C2), with the
terms Si and Tj defined again as in Eqs. (C5) and (C7),
now with the coefficients
s1 = s2 = 1 , s3 = s4 = −
(
1− v24
)
,
s5 = s6 = s8 = v
2
4 , s9 = − v2 , (C9)
s7 = s10 = s11 = s12 = 0 ,
and
t6 = t7 = t9 = t10 = 1 ,
t1 = −t2 = t3 = −t4 = −t5/2 = −t8/2 = 1− v24 ,
t11 = t12 = t13 = 0 . (C10)
More explicitly, this gives (when written in the order
Wswitch
Wdepol
1 
v = 0.03
v = 1
S(v)
Figure 6. Two-dimensional slice of the space of process
matrices containing Wswitch,Wdepol and 1◦, as in Fig. 4. Be-
cause the line segment containing the processes W depolswitch(v) =
vWswitch + (1−v)Wdepol approaches the set of causally sep-
arable processes tangentially, there is no single witness that
detects their causal nonseparability for all v>0. Instead, one
can use the family of witnesses S(v) of Eq. (C11), shown here
for the different values of v = 0.03, 0.2, 0.4, 0.6, 0.8 and 1.
AIBIAOBOCI for ease of notation)
S(v) = |0〉〈0|AI |0〉〈0|BI
[
1AOBOCI + v
2
4 (Z1−1Z)
AOBOZCI
−v2(XX + Y Y )
AOBOXCI
−v2(XY − Y X)
AOBOY CI
]
− 12(1−
v2
4 )
[
|0〉〈0|AIZBIZAO1BO1CI
+ZAI |0〉〈0|BI1AOZBO1CI
]
. (C11)
One finds
tr[S(v) ·W depolswitch(v)] = −
( 3−v
2
)
v2 , (C12)
tr[S(v) ·W dephswitch(v)] = −v2 , (C13)
which give negative values—thus proving thatW depolswitch(v)
and W dephswitch(v) are causally nonseparable—for all v > 0.
Figures 6 and 7 represent the witnesses S(v), for vari-
ous values of v, in the two-dimensional slices of the space
of process matrices containing Wswitch,Wdepol,1◦ and
Wswitch,Wdeph,1
◦, respectively. Note that the witnesses
S(v) are not optimal to detect causal nonseparability, as
they are not tangent to the set of causally separable pro-
cesses. E.g., for v = 1, we find tr[S(1) ·Wswitch] = −1,
allowing one to prove causal nonseparability of the noisy
quantum switch W 1◦switch(v) (33) only down to v > 1/2
(to be compared to v∗switch ' 0.3882 for the optimal wit-
ness). We could not find an analytical expression for
optimal witnesses; nevertheless, the witnesses are good
enough for our goal, which was to prove that W depolswitch(v)
and W dephswitch(v) are causally nonseparable for all v > 0.
3. Restricting Alice and Bob’s operations
to unitaries
Here we show how to impose that Alice and Bob’s oper-
ations are restricted to unitaries, and provide the witness
thus obtained.
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Wswitch
Wdeph
1 
Wswitch
 
v = 0.03
v = 1
S(v)
Figure 7. Two-dimensional slice of the space of process ma-
trices containingWswitch,Wdeph and 1◦, as in Fig. 5. We show
here the witnesses S(v) for v = 0.03, 0.2, 0.4, 0.6, 0.8 and 1.
a. Constraints on the CJ representation of a unitary
Following the convention of [1], the Choi-Jamiołkowski
representation of a unitary operation U : HXI → HXO is
defined as
MXIXOU =
[
(1⊗ U) |1〉〉〈〈1| (1⊗ U†)]T , (C14)
where 1 is the identity operator on HXI , |1〉〉 ≡
|1〉〉XIXI = ∑j |j〉XI ⊗ |j〉XI ∈ HXI ⊗ HXI is a (non-
normalised) maximally entangled state, {|j〉XI} is an or-
thonormal basis of HXI , and T denotes matrix transpos-
ition in that basis.
Note first that U is a completely positive and trace-
preserving map; the condition trXO MXIXOU = 1XI that
its CJ matrix satisfies, cf Eq. (1), can be written as
XOM
XIXO
U = XIXOM
XIXO
U . (C15)
Let us furthermore calculate:
trXI (MXIXOU )T =
∑
i,j,k
〈i| ⊗ U · |j, j〉〈k, k| · |i〉 ⊗ U†
=
∑
i
U |i〉〈i|U† = 1XO , (C16)
from which it also follows that
XIM
XIXO
U = XIXOM
XIXO
U . (C17)
b. An explicit witness made of unitaries for Alice and Bob
Solving the SDP problem (20) with CVX—in its more
explicit form (B4)—after replacing the constraint S ∈ SV
(or S = LV (S) in the more explicit form) by Eq. (41), we
obtained numerically the witness S˜ and the correspond-
ing operator S˜⊥ABC of the forms (C1)–(C2), now with
S1 = 1111X, S2 = ZZZZX, S3 = ZZ11X+11ZZX,
S4 = XXXXX+Y Y Y Y X, S5 = XXY Y X+Y Y XXX,
S6 = XYXYX+Y XY XX, S7 = XY Y XX+Y XXYX,
S8 = ZXZXX+ZY ZY X, S9 = ZXZY Y −ZY ZXY,
S10 = XZXZX+Y ZY ZX, S11 = XZY ZY −Y ZXZY,
S12 = XX11X − Y Y 11X + 11XXX − 11Y Y X ,
S13 = XY 11Y + Y X11Y − 11XY Y − 11Y XY ,
S14 = XXZZX − Y Y ZZX + ZZXXX − ZZY Y X ,
S15 = XY ZZY + Y XZZY − ZZXY Y − ZZY XY ,
S16 = XZZXX − Y ZZY X + ZXXZX − ZY Y ZX ,
S17 = ZXY ZY + ZY XZY −XZZY Y − Y ZZXY ,
S18 = XXXY Y + Y XY Y Y −XYXXY − Y Y Y XY ,
S19 = XXYXY +XY Y Y Y − Y XXXY − Y Y XY Y ,
(C18)
T1 = ZZ111 , T2 = 11ZZ1 ,
T3 = Z11Z1 , T4 = 1Z1Z1 , T5 = ZZZZ1 ,
T6 = X11X1− Y 11Y 1 , T7 = XX111− Y Y 111 ,
T8 = 11XX1− 11Y Y 1 , T9 = 1X1X1+ 1Y 1Y 1 ,
T10 = XXZZ1− Y Y ZZ1 , T11 = ZZXX1− ZZY Y 1 ,
T12 = ZXZX1+ ZY ZY 1 , T13 = ZXXZ1− ZY Y Z1 ,
T14 = XZZX1− Y ZZY 1 , T15 = XZXZ1+ Y ZY Z1 ,
T16 = XXXX1+Y Y Y Y 1 , T17 = XXY Y 1+Y Y XX1 ,
T18 = XYXY 1+Y XY X1, T19 = XY Y X1+Y XXY 1,
(C19)
and with the coefficients
s1 ' −0.1396 , s2 ' −0.2295 , s3 ' −0.1846 ,
s4 ' −0.1137 , s5 ' −0.1262 , s6 ' −0.2611 ,
s7 ' −0.0212 , s8 ' −0.3057 , s9 ' −0.2157 ,
s10 ' −0.1044 , s11 ' −0.0815 , s12 ' −0.1015 ,
s13 ' 0.0297 , s14 ' 0.0979 , s15 ' −0.1391 ,
s16 ' −0.0610 , s17 ' −0.1266 , s18 ' 0.1150 ,
s19 ' −0.0570 , (C20)
and
t1 ' 0.1062 , t2 ' −0.1387 , t3 ' −0.4969 ,
t4 ' 0.4541 , t5 ' 0.0165 , t6 ' −0.5239 ,
t7 ' 0.0269 , t8 ' −0.0134 , t9 ' 0.2886 ,
t10 ' −0.0950 , t11 ' 0.0102 , t12 ' 0.0092 ,
t13 ' 0.1254 , t14 ' 0.1128 , t15 ' −0.0439 ,
t16 ' 0.0994 , t17 ' 0.0251 , t18 ' −0.0680 ,
t19 ' −0.1924 . (C21)
With the witness S˜ thus defined, we find tr[S˜ ·
Wswitch] ' −0.5058 < 0. Noting that tr[S˜ · 1◦] =
tr[S˜ ·Wdepol] = tr[S˜ ·Wdeph] = 1, we find that S˜ allows one
to detect the causal nonseparability of W 1◦switch(v) (33),
W depolswitch(v) (34) and W
deph
switch(v) (37) down to v = 1/(1−
tr[S˜ ·Wswitch]) ' 0.6641, as reported in the main text.
In order to decompose the witness S˜ in terms of unit-
aries for Alice and Bob, one can apply for instance the
following decomposition to each of its terms σAI1 ⊗ σAO2
and σBI3 ⊗ σBO4 :
1⊗ 1 = 12 (M1 +MX +MY +MZ) ,
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X ⊗X = 12 (M1 +MX −MY −MZ) ,
Y ⊗ Y = 12 (−M1 +MX −MY +MZ) ,
Z ⊗ Z = 12 (M1 −MX −MY +MZ) ,
X ⊗ Y = 12 (−MP −MPX +MPY +MPZ) ,
Y ⊗X = 12 (−MP +MPX −MPY +MPZ) ,
X ⊗ Z = 12 (MH +MHX −MHY −MHZ) ,
Z ⊗X = 12 (MH −MHX −MHY +MHZ) ,
Y ⊗ Z = 12 (−MHP +MHPX −MHPY +MHPZ) ,
Z ⊗ Y = 12 (−MPH +MPHX +MPHY −MPHZ) ,
(C22)
with P =
( 1 0
0 i
)
(a phase gate) and H = 1√2
( 1 1
1 −1
)
(a Hadamard gate), and where MU denotes the CJ mat-
rix of the unitary U . (Note that because of Eq. (41),
no term of the form σAI ⊗ 1AO , 1AI ⊗ σAO , σBI ⊗ 1BO
or 1BI ⊗ σBO with σ = X,Y or Z appears in the de-
composition of S˜.) Once again, let us emphasise that
such decompositions are not unique; one may choose to
use a different set of unitaries to decompose S˜—e.g. one
may want to minimise the number of different unitaries
to implement (given the dimensions in play, one can do
with 10 for Alice and 10 for Bob), or the total number of
different terms in the decomposition of S˜.
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